We study the modification of the classical criterion for the linear onset and growing rate of the Rayleigh-Taylor instability (RTI) in a partially ionized plasma in the two-fluid description. The plasma is composed of a neutral fluid and an electron-ion fluid, coupled by means of particle collisions. The governing linear equations and appropriate boundary conditions, including gravitational terms, are derived and applied to the case of the RTI in a single interface between two partially ionized plasmas. The limits of collisionless, no gravity and incompressible fluids are checked before addressing the general case. We find that both compressibility and ion-neutral collisions lower the linear growth rate, but do not affect the critical threshold of the onset of the RTI. The configuration is always unstable when a lighter plasma is below a heavier plasma regardless the value of the magnetic field strength, the ionization degree and the ion-neutral collision frequency. However, ion-neutral collisions have a strong impact on the RTI growth rate, which can be decreased by an order of magnitude compared to the value in the collisionless case. Ion-neutral collisions are necessary to accurately describe the evolution of the RTI in partially ionized plasmas such as prominences. The time scale for the development of the instability is much longer than in the classical incompressible fully ionized case. This result may explain the existence of prominence fine structures with life times of the order of 30 minutes. The time scales derived from the classical theory are about one order of magnitude shorter and incompatible with the observed life times.
1. INTRODUCTION It is well stated in hydrodynamics that a lighter fluid below a heavier one is subject to the Rayleigh-Taylor instability (RTI for short). The physical properties of the Rayleigh-Taylor instabilities in Magnetohydrodynamics (MHD) have also been known for long. Using the divergence-free velocity condition, which is the type of movement more likely to produce instabilities, since the energy is not wasted in compressing the plasma, it is straightforward to obtain the dispersion relation for the two fluids with densities ρ 1 and ρ 2 laying one above the other in ideal MHD, with a magnetic field parallel to the contact surface (Chandrasekhar 1961; Priest 1982) ,
where B 0 is the magnetic field strength and k is the modulus of the wavenumber, k x is the component of the wavenumber along the magnetic field direction, g is the acceleration of gravity, and µ is the magnetic permittivity. If no magnetic field is present the configuration is always unstable if ρ 2 > ρ 1 , which is the classical hydrodynamical case. The magnetic field stabilizes perturbations up to a critical wavenumber along its direction, while it has no effect on perturbations perpendicular to it (which are thus unstable). Other effects, such as compressibility, viscosity, tension forces, magnetic fields perpendicular to tdiaz@iac.es; roberto.soler@wis.kuleuven.be; dfsjlb0@uib.es the surface or other types of stratification and forces, may introduce corrections to the classical stability criterion and linear growth rate (see again the textbooks Chandrasekhar 1961; Priest 1982 , for example). The classical treatment of the RTI uses the incompressible assumption. However, to consider the effect of compressibility provides a more realistic description of the behavior of astrophysical plasmas in general and solar plasmas in particular. There have been many studies of the effect of compressibility in the classical and magnetic RTI (see for example Vandervoort 1961; Shivamoggi 1982; Bernstein & Book 1983; Ribeyre et al. 2004; Livescu 2004; Shivamoggi 2011; Liberatore & Bouquet 2008 , and references therein). The effect of compressibility on the RTI has been long under debate, but recent studies point out that the compressibility has a mainly stabilizing influence (Ribeyre et al. 2004; Livescu 2004; Liberatore & Bouquet 2008) . Thus, the instability threshold is lowered, although the linear growing rates are smaller than those obtained in incompressible media. Unfortunately, the complexity of the derived dispersion relations makes interpretation of the results very difficult without invoking numerical solutions.
A considerable effort has been done in studying the RTI in realistic configurations. A simple extension of the classical RTI for a prominence thread modeled as a slab filled with prominence plasma among coronal plasma has been studied in Terradas et al. (2012) . Numerical studies of RTI in 3D in solar atmospheric conditions (see for example Jun et al. 1995; Arber et al. 2007; Stone & Gardiner 2007 , and references therein) confirm that in simple 3D configurations a horizontal magnetic field does not suppress the growth of instabilities across the field. In fact it enhances the growth of bubbles and fingers in the non-linear regime, since it prevents secondary Kelvin-Helmholtz instabilities and hence mixing between the fluids. This non-linear phase seems to be in accordance with the observations of turbulent plumes and bubbles in prominences (Isobe et al. 2005; Berger et al. 2008; Heinzel et al. 2008; Ryutova et al. 2010; Berger et al. 2010 Berger et al. , 2011 . Numerical simulations in complex 3D prominence models (Isobe et al. 2006; Hillier et al. 2011 Hillier et al. , 2012 clearly show the presence of the RTI too.
Prominences are relatively cool and dense objects, whose dynamics may display effects coming from partial ionization of the plasma. The ionization degree of the prominence plasma is not well known, but evidences point it out to be not negligible (Patsourakos & Vial 2002; Gilbert et al. 2007; Labrosse et al. 2010; Zaqarashvili et al. 2011b) . Chhajlani & Vaghela (1989) studied the magnetic RTI in a two fluid model and concluded that the stability threshold is not changed, but the growth rate is lowered; however their study did not include the full dynamics of the neutral fluid (which was only subject to collisions). Hence, it is interesting to investigate the RTI beyond the MHD theory in a two fluid configuration, even in simple geometrical models, and test the modifications of the simple formulae before including those effects in 3D computational models. This paper follows the line initiated by Soler et al. (2012b) about the investigation of the effects of partial ionization on classical MHD interchange instabilities. Soler et al. (2012b) studied the Kelvin-Helmholtz instability due to shear flow at an interface between two partially ionized plasmas. Our objective in this paper is to study the stability threshold and the linear growth rate of the RTI in a plasma described in a two-fluid model of neutrals on one hand and ions and electrons on the other, coupled with a collision term. This article is organized as follows. Section 2 contains a description of the equilibrium configuration and the basic equations. In Section 3 the RTI in a collisionless plasma is studied as a first step and previously known results are recovered in particular limits. In Section 4 we include the effect of ion-neutral collisions and a parametric study is performed. Later we perform an application to solar prominences in Section 5. Finally, we give a summary of results as well as some concluding remarks in Section 6.
2. PLASMA CONFIGURATION AND EQUATIONS 2.1. Equilibrium configuration Since we are aiming to obtain some extensions to the well known formula in Equation (1) we restrict the analysis to a simple configuration amenable to analytical solutions. The equilibrium configuration consists of two plasmas composed of ions, electrons and neutrals separated by a contact surface at z = 0. We use Cartesian coordinates and denote the quantities in the plasma below the discontinuity (z < 0) with a subscript 1 and those in the plasma above the discontinuity (z > 0) with a subscript 2. The magnetic field permeating the plasma is uniform and tangent to the discontinuity, so B = b 0x , while gravity is perpendicular to it, so g = −gẑ.
In absence of hydrostatic pressure gradients or flows, the plasma is not in equilibrium, since nothing counteracts the gravity force. We are not interested in the overall equilibrium, only in the local region where the instability is triggered. Hence, we assume that all the plasma magnitudes (namely the density, the pressure and the ionization degree) are constant in each zone. Pressure balance along the discontinuity demands that the total pressure for each species must be equal in each side, and since the magnetic field is assumed to be uniform this means the gas pressures are equal in each side.
Plasma equations
The general transport equations for a multi-component plasma can be derived from the Boltzmann kinetic equation, with some assumptions about the collisions terms (Braginskii 1965; Bittencourt 1986; Balescu 1988) . MHD deals only with the plasma as a single fluid, so no effects of partial ionization are ever considered at this level. The first extension from MHD is to consider only the modifications due to collisions in the generalized Ohm's law and energy transport (Braginskii 1965; Khodachenko et al. 2004; Forteza et al. 2007) . A different approach beyond single-fluid MHD is to use a two-fluid treatment, in which ions and electrons are considered together, as an ion-electron fluid, and neutrals are considered separately (see, e.g., Zaqarashvili et al. 2011b,a; Soler et al. 2012a ) However, gravity is not included in the studies cited above. For this reason in the following paragraphs we re-derive the basic two-fluid equations including the effect of gravity.
We proceed with the derivation of the governing equations. In the following expressions the subscripts i, n and e stand for ions, neutrals and electrons, respectively. We write the momentum equations of neutrals and ions plus electrons, and we neglect the electron inertial terms because of the small electron mass compared to the other species. We also neglect the effect of gravity on electrons and the collisions of electrons with neutrals and ions. In addition we assume the non isotropic components of the pressure tensor to be negligible. We obtain the two following equations,
where v i and v n are the velocity of the ion and neutral fluid, respectively, p ie and p n are the pressure of the ion-electron fluid and the neutral fluid, respectively, J is the electric current, ρ i and ρ n are the ion and neutron densities, respectively, and α in is the ion-neutral friction coefficient. Next we need a generalized Ohm's law and induction equation. These are obtained from the momentum equation of electrons by neglecting again their inertial terms, namely
with v e , ρ e , p e , n e , and e the velocity, density, pres-sure, number density, and charge of electrons, respectively. This equation inserted in Faraday's law leads to
(4) Now we neglect the magnetic diffusion terms and notice that the gravity term is constant (so its curl vanishes), obtaining a simple form of the induction equation,
The mass conservation equations are not modified by the presence of gravity. In addition, we assume adiabatic energy equations for all the species. Hence, our system of basic equations is
where µ is the magnetic permittivity and γ is the adiabatic index. The friction coefficient can be further expressed in terms of the ion-neutral and neutral-ion collision frequencies (ν in and ν ni ) by means of
which can be estimated from the properties of the collisions between species (Braginskii 1965; Zaqarashvili et al. 2011a ), but here we keep ν in as a free parameter for later use. We also define the total density ρ = ρ n +ρ i , the neutral fraction η n = ρ n /ρ and the ion fraction η i = ρ i /ρ, with η n + η i = 1. Hence, the parameter η n indicates the ionization degree, from η n = 0 for a fully ionized plasma to η n = 1 for a neutral gas.
2.3. Linearized equations Next, we study linear perturbations from the uniform state. We label the equilibrium quantities with the subscript 0 and the linear perturbations without subscript. Since no equilibrium flow is present, all the advection terms are second order effects, and we are left with a considerably simpler system of equations, namely
2.4. Normal mode analysis We consider the normal mode decomposition and write the temporal dependence of the perturbation as e −iωt . We Fourier analyze in the spatial directions where the medium is uniform and write the perturbations as e ikxx+ikyy , with k x and k y the wavenumbers in the x and y-directions, respectively, and k = k xx + k yŷ the wavenumber parallel to the surface. Then, we combine Equations (8) and arrive at a system of two coupled equations for ∆ i = ∇·v i and ∆ n = ∇·v n , namely
with the following definitions for the squares of k ⊥i , k ⊥n , c g , V and k c , 
We have defined the squared sound speed for ions as c 2 si = γp 0i /ρ 0i , the squared sound speed for neutrals as c 2 sn = γp 0n /ρ 0n and the squared Alfvén speed for ions as c 2 Ai = B 2 0 /(µρ 0i ). These quantities have the relevant information about the equilibrium state for the linear analysis. The gravity term has the same form that the one in McEwan & Díaz (2007) , and a similar dimensional analysis can be performed to show that this term is small compared with the others. It is however crucial in the RT instability. These coupled equations have been written in the same form as in Soler et al. (2012b) to highlight the new term coming from gravity, with the difference that in Soler et al. (2012b) the discontinuity lies in the x-direction and that their Doppler-shifted frequency becomes the frequency, ω, in the absence of equilibrium flows. The subscripts 1 or 2 must be used as appropriate in Equations (9) and (10) when applied to the two regions above and below the contact surface at z = 0, respectively Finally, we need the boundary conditions to match the solutions at the boundary z = 0. The first condition is the continuity of the normal component of the velocity perturbation of both ions and neutrals, namely v iz and v nz respectively, which can be expressed in terms of ∆ i , ∆ n , and their derivatives in the z-direction. We omit here these expressions for the sake of simplicity. The second condition is obtained by integrating the momentum equation across the surface z = 0 and doing the limit of infinitesimal integration volume. Then we obtain the conditions (18) where [X] stands for the jump of the quantity X across z = 0.
For computational purposes is convenient to use dimensionless quantities. We use the following definitions
with L a typical lenghtscale in the parallel direction.
3. COLLISIONLESS PLASMA As a preliminary study to the full coupled case, we first deal with the collisionless case, where the motions of the neutral and ion-electron fluids are decoupled. By setting ν in = ν ni = 0, Equations (9) and (10) become
with the quantities in these equations obtained after simplifying Equations 11, 12, 14 and 16,
In the following subsections we discuss the solutions to Equations 20 and 21.
3.1. Neutral fluid The neutral fluid is easier to discuss, since the magnetic field does not play a role on their dynamics in the absence of collisions with other species, which means that the x and y-directions are equivalent. Equation (21) is a linear equation with constant coefficients whose general solution can be written as
with A ± arbitrary constants and
Depending on the values of the parameters these quantities may be imaginary, so we need to carefully choose which corresponds to the upper and lower regions. The solution is then
Next, we need to write down the boundary conditions at the interface for the neutral fluid, namely,
Applying these boundary conditions to the solutions in Equation (28) we obtain a dispersion relation for the perturbations of the decoupled neutral fluid,
There are two interesting limits in this dispersion relation. First, if we neglect gravity by setting g → 0 (so m 1n+ → k ⊥1n and m 2n− → −k ⊥2n from Equation 27), then the dispersion relation becomes
which has the same form as in Equation 23 in Soler et al. (2012b) with their equilibrium velocities equal to zero. However, in our problem there is no solution to this equation (since both k ⊥1n and k ⊥1n are positive quantities). This is in accordance with the results in Wentzel (1979) ; Roberts (1981) , and the main reason is that with no gravity or collision forces present there are no restoring forces able to damp, amplify or propagate disturbances.
On the other hand, we can consider the incompressible limit by setting c sn1 → ∞ and c sn2 → ∞, obtaining
Consistently, Equation (1) reverts to Equation (32) when B 0 = 0. This results shows the pure hydrodynamical RTI for neutrals, which do not feel the magnetic field in the collisionless case. Hence, the configuration is always unstable if ρ 2n < ρ 1n . This effect was not included in Chhajlani & Vaghela (1989) , meaning that their stability criterion does not cover this general case. We have checked the limiting cases and re-obtained the classical results. Now we turn to the general case (still without collisions) dealing directly with Equation (30). This is equivalent to solving the compressible case in hydrodynamics for the neutral fluid. An analytical approximation for g/(c 2 sn k ) ≪ 1 has been reported in Shivamoggi (2011) for a two stratified media
We have three free parameters on which the frequency depends, namely gravity g, the parallel wavenumber
1/2 and the density contrast between the two media χ = ρ 2n /ρ 1n . In Figure 1 we plot the solution of the dispersion relation for different values of the parameters and compare them with the incompressible case. Compressibility does not change the instability threshold (always g = 0 for neutrals), but tends to lower the linear growth rate. As k is increased the results are closer to those of the incompressible limit. Notice that the approximate formula in Equation (33) gives reasonably accurate results for gL/c 2 sn1 < 1. Considering the dependence on the parallel wavenumber, we see in Figure 2 that for a fixed value of the dimensionless gravity increasing k L leads slowly to the incompressible limit, but the discrepancy gets larger as the dimensionless gravity is raised.
In conclusion, we consistently obtain that the neutral fluid behaves as a hydrodynamic fluid in the collisionless regime. In such case, the configuration is unstable, and compressibility lowers the linear growth rate although stabilization is never achieved. All these results are in accordance with numerical studies of the hydrodynamic RTI (see for example Jun et al. 1995; Livescu 2004; Liberatore & Bouquet 2008 , and references therein).
Ion-electron fluid
There is a key difference in the ion-electron fluid behavior with respect to the neutral fluid one: the influence of the magnetic field. The magnetic field introduces asymmetry as the x-direction now is different from the y-direction, so the dependence on k x appears explicitly in the dispersion relations. The solution of Equation (20) is very similar to the one for neutrals, namely
with Figure 1 . Results for collisionless neutrals: dimensionless growth rate, γ RTI as a function of the dimensionless gravity gL/c 2 sn . In the upper panel a fixed density contrast ρ 2n /ρ 1n = 2 has been chosen, and in the lower panel the parallel wavenumber has been chosen as k L = 5.0. The dashed lines correspond to the incompressible limit given in Equation (32) and the dotted lines to the analytical compressible approximation in Equation (33) Figure 2 . Results for collisionless neutrals: dimensionless growth rate, γ RTI as a function of the dimensionless parallel wavenumber k L. A fixed density contrast ρ 2n /ρ 1n = 5 has been chosen. The dashed lines correspond to the incompressible limit given in Equation 32.
in each side of the discontinuity. Our boundary conditions are now
Applying these boundary conditions to the solutions in Equation (34) we obtain a dispersion relation for the perturbations of the decoupled ion-electron fluid, namely
This dispersion relation is too complicated to be solved analytically, but again it is helpful to investigate the limiting cases of negligible gravity and incompressible fluid. If we set g → 0, Equation (37) becomes
which matches exactly the classical solution for surface magnetohydrodynamic waves driven by magnetic tension (see, e.g., Wentzel 1979; Roberts 1981) ; this equation predicts no instabilities.
As with the neutral fluid, the incompressible limit is obtained if we set c si1 → ∞ and c si2 → ∞. The dispersion relation is then highly simplified to give an explicit equation for the squared frequencies,
which is just the classical RTI relation in presence of a longitudinal magnetic field, namely Equation (1). This shows that the magnetic field has a stabilizing effect for disturbances propagating along it, but does not affect the development on the instability in the linear stage for disturbances propagating perpendicular to both the gravity and magnetic field directions. In absence of gravity, this formula is just the frequency of the incompressible Alfvén surface mode (Wentzel 1979) , namely,
The critical value of the instability onset is obtained by demanding Equation (39) to vanish. From this criterion we obtain a critical value for the acceleration of gravity, namely
As before, we have checked the limiting cases and recovered the classical results. Now we turn to the general case (still without collisions). This is equivalent to solving the compressible case in MHD for the ion-electron fluid. Compared with the neutral fluid, the parameter space is much bigger, since now we have both the Alfvén and sound speed for ions, and the parallel components of the wavenumber k x and k y play different roles because of the anisotropy the magnetic field introduces. We define
Ai1 as a measure of the magnetic field strength (equal in both sides of the discontinuity because of our requirement of having a uniform magnetic field and the continuity of gas pressure).
In Figure 3 we plot the solutions of the dispersion relation for different values of the parameters and compare them with the incompressible case. As expected, the incompressible case is a better approximation if k y is raised or gL/c 2 sn1 is lowered. However, for the ion-electron fluid leaky modes appear, i. e., modes which are propagating in the perpendicular direction. Depending on the parameter choice, the unstable mode might become leaky too, and this particular effect can be seen in the bifurcations on the lower panel for χ = 10 and 100. The critical values of the parameters for the instability onset are not modified by the compressibility. The dependence on the longitudinal wavenumbers k x and k y is illustrated in Figure 4 . We check in the upper panel that as k y is increased the curve approaches the incompressible case, and that the incompressible formula is a much better approximation if gL/c 2 sn1 is small. The effect of increasing k x is displayed in the lower panel, and again it deviates strongly from the incompressible limit as k x is increased, with the conversion to leaky modes also present for high values of gL/c 2 sn1 . As the RTI is suppressed because of the presence of the magnetic field as k x reaches a critical value, and this threshold is not modified by the compressibility. Thus, our findings are in accordance with the results for compressible RTI in MHD (Ribeyre et al. 2004; Liberatore & Bouquet 2008) . However, the transitions to leaky modes appear if k y is lowered of k x is raised, and this is an effect partially caused by our assumption of semi infinite uniform media. 4. COLLISIONAL PLASMA After discussing the RTI separately for the neutral and ion-electron fluids, now we turn into the full coupled case described by Equations (9) and (10). Now the parameter space is further increased with the ratio of the equilibrium pressure of ions and neutrals ǫ = P 0ie /P 0n (so c 2 si /c 2 sn = ǫρ n /ρ i ), the ionization ratio η n in both sides of the discontinuity and the collisional frequency between ions and neutrals, ν in . The neutral-ion frequency is related to the former by ν ni = ν in η n /(1 − η n ). We make the collisional frequencies dimensionless quantities with the definition Υ = ν in L/c sn1 .
We start our process to find solutions by using Equation (10) to express ∆ i in terms of ∆ n and its derivatives,
which can be introduced in Equation (9) to obtain an ordinary differential equation for ∆ n ,
with the following definition for k
The most general solution of this differential equation with constant coefficients is a combination of exponentials e mz , with m being the roots of the indicial equation, namely
This equation is equivalent to Equation 31 in Soler et al. (2012b) if we set g = 0. The general expression of the four roots (termed m k ) of this fourth order algebraic equation is very cumbersome, and little insight is gained from it. However, following the same idea exposed in Soler et al. (2012b) , we gain some information by assuming a weak coupling, so the quadratic terms can be neglected and k V ≈ 0. Then, Equation (45) factors as
whose solutions are m i± and m n± in Equations (27) and (35). Consistently in the weak coupling limit the solutions are very close to the ones of the decoupled system, with one perpendicular wavenumber for the ion-electron fluid and another one for the neutral fluid. However, in the general case all these wavenumbers are coupled due to collisions, and we must choose which ones lead to evanescent solutions in the upper and lower regions of our domain. Hence our general solution is (45), with the superscript indicating the region where it applies and the subscript denoting the ordering of the real part among the set. Next, we apply the boundary conditions, simplified using Equation (42) to link the solutions in Equation (47) across the boundary. This leads to an algebraic system of equations for the four coefficients in Equation (47), and equating the determinant of the system to zero we obtain a dispersion relation. The explicit expression of this dispersion relation is given in the Appendix.
Incompressible limit
Since the full dispersion relation is quite complicate, we first deal with the incompressible case, i. e., c si1 → ∞ and c si2 → ∞, for which the determinant in the Appendix can be greatly simplified. First of all, the perpendicular wavenumbers are much simpler than in the compressible case, since the indicial equation in Equation (45) gives then k ⊥i = k ⊥n = k and m = ±k in both regions. The dispersion relation can we written as
. (48) The collisionless limit can be recovered by setting ν in → 0 (and ν ni , ν in2 , and ν ni2 too), a limit in which Equation (48) factorizes in the two classical solutions leading to Equations (32) and (39). The solutions of this dispersion relation are shown in Figure 5 . Two unstable modes are present and are related to those of the neutral and ion fluids separately, with the neutral one having a much higher growing rate. For lower values of ν in the curves are similar to the collisionless case, and the critical value for triggering the instability of the ion-electron fluid is not modified by the collisions. However, as ν in is increased the growth rate of the mode related to neutrals is decreased. In response, the ion-electron mode is damped due to collisions (so the imaginary part has a negative sign, not shown in the plot) until the magnetic RTI is triggered. This attenuation of the surface Alfvén mode because of ion-neutral collisions is similar to the one studied in homogeneous media by Braginskii (1965); Forteza et al. (2007) ; Zaqarashvili et al. (2011b) or for waves propagating in partially ionized magnetic waveguides (Soler et al. 2009a (Soler et al. ,c, 2012a .
The most interesting conclusion that can be extracted from Figure 5 is that collisions are not able to fully suppress the instability of the neutral fluid (the mode with higher linear growing rate), but in the high-collisions regime this linear growth is significantly lowered by an order of magnitude from the classical result, specially for low values of gL/c 2 sn1 . We must bear in mind that the linearized equations cannot fully describe the subsequent evolution of the RTI once the perturbations have grown enough for nonlinear effects to become important. However, this result may imply that the lifetime of a contact Figure 5 . Results for collisional fluids in the incompressible limit: dimensionless growth rate, γ RTI as a function of the dimensionless gravity gL/c 2 si for different values of the dimensionless collision frequency Υ = ν in L/c 2 sn1 . The dashed lines correspond to the collisionless limit given in Equations (32) and (39) (Υ = 0) . The values kxL = 1.0, ky = 1.0, β = 0.5, ρ 2i /ρ 1i = 2 and η n1 = η n2 = 0.5 have been used. discontinuity in the partially ionized case is much longer than that predicted by the collisionless classical formulation.
Compressible case
We finally turn on the full dispersion relation, with collisions, gravity and compressibility included. For simplicity, we restrict ourselves to the case c A > c s , valid for our region of interest in the solar atmosphere. We first study the different collision regimes in Figure 6 . We have computed the growth rate as a function of the dimensionless acceleration of gravity for different values of the collision frequency. By comparing the different panels of Figure 6 we can visually determine the increasing effect of ion-neutral collisions on the growth rate. We find that compressibility and collisions work together to lower the linear growth rate, but they are never capable of fully stabilizing a configuration that was unstable without these effects. In other words, the stability thresholds are not modified and the mode related to the neutral fluid is always unstable. Even the marginal stability criterion for the second mode (related to the ion-electron fluid) is the same that in the uncoupled case. Notice however that both fluids are fully coupled, and even the excitation of the unstable mode related to the neutral fluid drives perturbations of the ion-electron fluid (Equation 42).
We also see that the effect we reported in Figure 5 for the incompressible case is still present: for a high value of the collision frequency the mode corresponding to the neutral fluid has a linear growth rate an order of magnitude lower, while the mode corresponding to the ionelectron fluid has also a much lower linear growth rate, and for values lower than the critical threshold of the classical magnetohydrodynamic RTI it has some damping because of the collisions (not shown in the plot). However, the effects of leakage in the ion-electron fluid that were clearly prominent in Figure 3 are less important here because of the coupling with neutrals.
Finally, we asses the effect of the density contrast in Figure 7 . The instability saturates for a large density contrast (as in the classical case), so increasing the density ratio does not affect too much the results discussed in the previous paragraph.
APPLICATION TO SOLAR PROMINENCES
One of the objects in the solar corona that are more likely to develop magnetic RTI are solar prominences, were dense plasma is supported against gravity by the magnetic field (see for example the reviews in Labrosse et al. (2010); Mackay et al. (2010) for extensive discussions about prominence observations, properties and equilibria). The plasma in the prominence is partially ionized due to the relatively low prominence temperatures, with the ionization degree not fully determined (Patsourakos & Vial 2002; Gilbert et al. 2007; Labrosse et al. 2010; Zaqarashvili et al. 2011b ). In order to perform an application to prominences, we need to assume some values of the parameters of the model. We choose a prominence threads, the finestructure building blocks of the prominence. In accordance with Lin (2011); Soler et al. (2012b) we choose as the widths and lengths of the threads L y ≈ 200 km and L z ≈ 10, 000 km and ρ 2 /ρ 1 ≈ 100, so L = 10, 000 km and k x L = 1, k y L = 50. We also choose ǫ = P 0ie /P 0n = 1, β = 0.1 and c sn1 = 100 km s −1 for the coronal sound speed. Regarding the ionization rate, we select η n2 = 0.5 in the thread and η n1 = 0.1 in the corona (so χ ≈ 50). The value of the gravity acceleration in the solar surface is g ≈ 270 m s −2 , so gL/c 2 sn1 ≈ 0.27. Regarding the collision frequency, the expression in a hydrogen plasma is (see, e.g., Soler et al. 2009b) 
where T is the temperature, m p the proton mass, k B is the Boltzmann constant and σ in ≈ 5×10 −19 m 2 is the collisional cross section for proton-hydrogen collisions. Here a strong thermal coupling is assumed, so that the temperature of the different species is the same. Assuming a temperature of T ≈ 10 4 K, be obtain ν in ≈ 15 s −1 and Υ = 15, so we are in the high collisions regime.
We use these values in the dispersion relation and also fix the total density contrast ρ 2 /ρ 1 , leaving the ionization rate in the prominence plasma η n2 as a free parameter. The upper panel of Figure 8 is a plot for a low value of the density contrast. For comparison we also plot the equivalent results for the neutral and ion-electron fluids in the collisionless case. The curve corresponding to the full collisional case follows approximately the highest growth rate of the collisionless case. As expected, for η n2 → 0 (almost fully ionized plasma) the full solution is close to the curve of ion-electrons while for η n 2 → 1 (almost neutral gas) the full solution follows that of neutrals.
In the lower panel in Figure 8 we choose the density contrast to be in the expected range for solar prominences. The resulting diagram is an extreme version of the previous one, but the same features are present. The most important feature is that the linear growth rate is much lower than the prediction of the incompressible collisionless case (by on order of magnitude approximately). Collisions can never stabilize the configuration, but such a low linear growth rate indicates that collisions are efficient enough to significantly reduce the growth rate. Using the typical length and coronal sound speed given above, the resulting time scale for 0.07 < η n2 < 0.46 is
This is a highly suggesting result, since it is of the same order as the lifetime of the prominence threads. The classical prediction of this time scale using Equation (1) is τ RTI ≈ 1 min, much shorter than the reported lifetime of threads (Lin 2011) . In a recent study, Terradas et al. (2012) report that considering the upper boundary transition from prominence to coronal plasma in a thread does not change significantly the RTI in the incompressible limit, and also confirm that the time scale is too short compared with the lifetime of the threads. Our calculation shows that collisions are not able to fully suppress the RTI in the threads, but its linear time scale is long enough to explain why the observed lifetimes of these structures are much larger than the classical prediction of Equation (1). However, we have to be very cautious since this is only the linear prediction, and fully non-linear simulations in more complicated models are necessary to check this result. Nevertheless, collisions seem to be a key ingredient to understand the evolution of the RTI in partially ionized plasmas in general and in prominences in particular.
6. CONCLUSIONS We have studied from an analytical point of view the effect of partial ionization effects on the RTI. We have used a two-fluid formalism in which ions and electrons are considered together as an ion-electron fluid and neutrals are considered separately. The two fluids interact by means of collisions.
After checking that our dispersion relation reduces to the simple classical expressions in the collisionless incompressible limit, we have explored the consequences of partial ionization. Our main conclusions are:
1. The stability criterion is not modified. This means that the configuration having heavier fluid on the top of a lighter one is always unstable regardless the value of the magnetic field strength and the ion-neutral collision frequency. The dominant unstable solution is related to the neutrals. A second unstable mode is also present and is related to the ion-electron fluid. This second solution has a lower growth rate and has the same critical threshold as in the fully ionized incompressible case.
2. The linear growth rate is significantly lowered by compressibility and ion-neutral collisions compared to the incompressible collisionless case. The exact decrement depends on the values of the parameters in the model. For typical values in solar prominences the growth rate can be one or two orders of magnitude lower than the classical incompressible prediction.
We have focused on finding corrections to the RTI threshold and linear growth rates, but there are other features in the model. For example, Other stable damped solutions exist with the damping related to collisions, (as in Braginskii 1965; Forteza et al. 2007; Soler et al. 2009a,c) . Leakage (mode propagation away from the discontinuity) appears for certain ranges of the parameters (see for example Cally 1986 , and references therein).
One of the most suitable candidates to display the effects of partial ionization are prominences and their threads, which are dense and cool plasma condensations supported by magnetic fields. In such configurations, the RTI is present, as both classical theory and numerical simulations show (Isobe et al. 2006; Hillier et al. 2011 Hillier et al. , 2012 . However, our results show that the linear time scale of the instability is much larger in a partially ionized plasma (such as prominences). Thus considering collisions and partial ionization is a key ingredient that should be added when studying the instability in complex configurations.
We are aware that the simple model used here may be subjected to some criticism, and we need to consider further extensions to this work. The linear analysis only gives us limited understanding of the complex phenomena behind the RTI. Fully non-linear analysis is necessary to model the evolution of the system in later stages. Nevertheless, the linear analysis provides us with an interesting case for comparing with forthcoming simulations, and clearly the prediction of lower growth rates has to be checked out. On the other hand, we assumed infinite uniform media in both sides of the discontinuity. This is clearly an approximation, since stratification (either in pressure for the incompressible case or in density in the compressible case) is not included in our analysis. There are other effects coming from partial ionization that were not included, such as electron collisions, nonadiabatic effects, ionization and recombination processes, finite Larmor radius.. The dispersion relation in the most general case we deal with in this paper is rather more complicated than in previous works because of the effects of gravity and collisions, which lead to a fourth order differential equation without any vanishing coefficient (Equation 43 ). Solutions are in the form given in Equation (47), with the use of appropriate boundary conditions. The boundary conditions are the continuity of the normal components of the velocity of ions and neutrals, and the continuity of the pressures plus the contribution of gravity. These boundary conditions can be written in a matricial form as 
